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Abstract 
Here briefly reviewed are our studies of the dynamics of large ensembles composed of oscillators with qualitatively 
different behaviors (active: oscillatory and inactive: non-self-oscillatory). Such studies not only give insight into the 
robustness of the dynamic activity of the original ensemble in which all units are active against deterioration of some  
of them, but also suggest a new way of controlling the system’s behavior. 
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1. Introduction 
Large ensembles of coupled nonlinear oscillators appear in a variety of contexts of science and 
technology, playing a crucial role. For example, many organs of animals such as brains, hearts, and 
gastrointestinal tracts can be considered as a large ensemble of coupled oscillators, each functioning to 
support life through properly coordinated synchronization of constituent oscillators[1]. Besides 
synchronization, coupled oscillators exhibit many other interesting behaviors including clustering, 
spatiotemporal chaos and so on, as revealed by quite a few theoretical and experimental studies done so 
far[2] . 
In reality, however, any system cannot escape from some kinds of damages caused by aging, accidents, 
diseases and so forth. Investigating effects of such damages should be indispensable to establish a full-
fledged theory of coupled-oscillator dynamics. As an important case of damaged systems, one may 
suppose that some elements of the system lose their self-oscillatory activity to become damped oscillators. 
In this case, one has an ensemble comprising both normal and damped oscillators. The study of such 
dynamical systems may also be significant in its own right, because there is an important example (and 
probably many other) of coupled oscillators having this type of architecture, which is circadian clocks 
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governing daily activities of mammals; recent findings indicate that these physiological clocks include 
fairly many neurons which do not fire spontaneously[3]. 
The study of the behavior of such mixed ensembles of coupled oscillators may also be important in 
technological contexts. Suppose that we have a machine driven by coupled oscillators, some of which 
may be defective by some reason and not capable of performing self-sustained oscillations when isolated 
from others. Then, how robust is the system's dynamic activity against such defects ?[4] This question is 
crucial in order to guarantee stable operation of such a machine and will be answered only by such a study. 
Some years ago, we started to tackle the dynamics of such heterogeneous ensembles of coupled 
oscillators for the first time, to the best of our knowledge[4]. The purpose of this article is to give a brief 
review on our earlier results, which are mostly about globally coupled systems, and then report on more 
recent results concerning a locally coupled system. Hereafter, normal oscillators, i.e. self-sustained 
oscillators which may be periodic or chaotic, will be referred to as active oscillators, while non-self-
oscillatory units, namely damped oscillators in a generalized sense, will be called  inactive  oscillators. 
2. Globally coupled systems 
The general form of equations treated here is given by[4] 
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for ݆ ൌ ͳǡǥ ǡܰሺب ͳሻ, where K is the coupling strength and each pairwise interaction is of the diffusion 
type with constant matrix D. For simplicity, the uncoupled dynamics represented by Fj are set to be the 
same for all active oscillators, ݆ א ሼͳǡ ǥ ǡܰሺͳ െ ݌ሻሽ ؠ ܵ௔ , and also for all inactive oscillators, ݆ א
ሼܰሺͳ െ ݌ሻ ൅ ͳǡǥ ǡܰሽ ؠ ௜ܵ, where p is the ratio of inactive elements. We examined effects of increasing 
p in terms of the (K, p) phase diagram for several building blocks such as the Stuart-Landau oscillator and 
the Rössler oscillator (for these equations, see e.g. [2]). For the former, we have 
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with j=1, …, N, where ݖ௝  is the complex amplitude of the jth oscillator, ߙ௝ ൌ ܽ ൐ Ͳሺ݆ א ܵ௔ሻ   and 
െ ൏ Ͳሺ א ௜ܵሻ , Ȑis a frequency, and  ܿଶ is a real parameter controling the strength of nonisochronicity. 
In this example, for  ܭ ൌ Ͳ, all active units are identical limit cycle oscillators with ȁݖ௝ȁ ൌ ξܽ, while all 
inactive units are damped oscillators with their complex amplitudes vanishing for ݐ ՜ λ . Figure 1 
illustrates the behavior of the above system with ܿଶ ൌ Ͳ in the form of the (K, p) phase diagram[4].  
As it shows, the system makes a transition from a dynamic state to a steady state as the ratio p exceeds 
a threshold value denoted by ݌௖ below. This transition is what we call an aging transition[4], where the 
term "aging" is used to mean increase in the ratio p, i.e. growth of the set of deteriorated units. An 
important feature of such a transition is that it takes place only when the coupling strength is greater than 
a critical value, ܭ௖. In the steady phase, all complex amplitudes are zero, whereas in the dynamic phase, 
the system exhibits periodic oscillations in which all active (inactive) units are perfectly synchronized 
(see Fig. 2). 
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Fig. 1 (left) Phase diagram of the coupled Stuart-Landau equations (2)  with ܿଶ ൌ ͲǤ
Fig. 2 (right) Phase portraits of A, I, and the centroid of all  ݖ௝ (solid line) in the complex plane[4].  
Thus, the aging transition boundary is easily obtained on the basis of the reduced system[4] 
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where A and I are common complex amplitudes of active and inactive oscillators, respectively. A linear 
stability analysis of the trivial steady state A=I=0 of this system yields the following result[4]: 
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This result gives ܭ௖ ൌ ܽ. Note that ݌௖ does not depend on N. It should be emphasized that the critical 
ratio ݌௖ plays the role of a measure of the robustness of the system's dynamic activity against defects[4]. 
The larger it is, the more robust is the system's oscillatory activity. A lesson may be learned from the 
behavior of ݌௖   for increasing K. Namely, Fig. 1 indicates that the robustness of the system tends to 
weaken as the coupling strength increases. Stronger coupling is usually favorable for improving the 
system's coherence, but it can harm the robustness of the system's operation against deterioration of its 
units ! Hence, the coupling strength needs to be carefully chosen. These properties of the (K, p) phase 
diagram are not special to the above system, Eqs. (3) and (4), but seem to be fairly common in the class of 
systems given by Eq. (1). So far we have also studied the cases of coupled periodic or chaotic Rössler 
oscillators and coupled Brusselators[4,5,6,7,8]. Their (K, p) phase diagrams are all characterized by the 
critical coupling strength ܭ௖  , the aging transition boundary, and the monotonic decrease of݌௖   for 
increasing ܭ.
There is another common feature of the (K, p) phase diagram. If the nonisochronicity of active 
oscillators is strong enough, then there appears a horn-like region in the phase diagram where active 
oscillators split into a number of clusters (see Figs. 3 and 4). In the case of system (2), one can 
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analytically show[6,9] that this happens for  ȁܿଶȁ ൐ ͳ. We call such a region a desynchronization horn
from its shape[6], which has been found to appear in the variety of oscillators mentioned above. 
Fig. 3 Desynchronization horn of  system (2) with ܿଶ ൌ െ͵, where A means the aging transition 
boundary[6]. 
         Fig. 4 Clustering of active oscillators in system (2) with ܰ ൌ ͳͲͲͲǡ ܿଶ ൌ െ͵ǡ ܭ ൌ ͳǤ͵ʹሾ͸ሿǤ
The aging transition can be viewed as a critical phenomenon, so that it is a natural idea to characterize 
it with scaling behavior of an order parameter. For this purpose, we have adopted ܯ ؠ ඥۃሺࢄ െ ۃࢄۄሻଶۄ as 
an order parameter[4], where  X is the system's centroid and the brackets stand for long time average. Our 
analysis has shown that this order parameter obeys some universal scaling laws[4] near an aging 
transition and also near the critical point (K, p) = (ܭ௖, 1), although the details are omitted here. 
3. Locally coupled systems 
Globally coupled systems taken up above are an idealistic limit of systems with long-range coupling. 
For describing the behavior of real systems, one needs to deal with other modes of coupling as well. Here 
we consider the opposite limit of model (2), namely, a large ring of Stuart-Landau oscillators with nearest 
neighbor interactions as expressed below[7,8]: 
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for j=1, …, N with ݖ଴ ൌ ݖே, ݖேାଵ ൌ ݖଵ, where the real parameter ܿଵ is nonvanishing when the diffusive 
coupling is not scalar. The "aging" process is made to occur in a random way in the sense that at each step 
of increasing p, a new inactive site is randomly selected from among active ones. Therefore, simulation 
results are averaged over many realizations of the aging process. 
Figure 5 shows the (K, p) phase diagram of model (6) for different system sizes, where we again find 
boundaries between the dynamic and steady phases together with critical coupling strength ܭ௖ . An 
important difference from the case of global coupling is that the boundary depends on the system size, 
monotonically going up towards the upper limit p = 1. As mentioned in Ref.[7,8], this fact is not difficult 
to understand: If the ring is infinitely large and p is less than one, then there should be a sufficiently large 
segment composed of active elements alone, which must destabilize the quiescent state, ݖ௝ ൌ Ͳ for all j.
The problem is, therefore, how the boundary approaches the upper limit, as N is increased. 
 Fig. 5 Phase diagrams of system (6) with ܿଵ ൌ െʹǡ ܿଶ ൌ െͳ, where N=100, 200, 400, 800, 1600 in the 
order of the heights of the boundaries from the bottom side[7,8] .  
Figure 6 gives evidence that ݌௖ obeys  
                                                    ͳ െ ݌௖ ן ܰିఊ,                                                                                  (7) 
where the power ߛ is not universal, but depends on parameters. In fact, it tends to vanish as ܭିଵȀଶ for 
ܭ ՜ λ (see Fig. 7). In order to explain this result, we first note that for finite N, the critical ratio has a 
finite limit forܭ ՜ λ[8] : 
 
௄՜ஶ
݌௖ ൌ
ܽ
ܽ ൅ ܾ
ǡሺͺሻ
which shows the reason why the power ߛ  vanishes in the strong-coupling limit. The behavior of ݌௖
corresponding to Eq. (8) has been observed in a number of other systems[4,10,11,12] and given quite a 
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general derivation in Ref. [13]. Then we consider "aging" in a nonrandom system such that the ring 
consists of one active segment of size L and one inactive segment with size  ܰ െ ܮ. Let ܮ௖ be the smallest 
of such L values that the system is dynamic. By employing a continuum approximation for system (6), 
one can easily realize that ܮ௖ grows in proportion to ܭଵȀଶ for increasing K[8]. The final step starts with 
noting that for N large, ݌௖ is so close to unity that there should be no active sites near both ends of the 
largest active segment. It is thus possible to reduce the problem to the aging transition in the nonrandom 
system. One can thus expect that݌௖ in the original system, which is an average of bare critical ratios for 
many realizations of  ߙ௝ , is determined from the condition that the probability for the largest active 
segment to have size ܮ௖ is a finite value, say c. This condition is roughly given by 
ܰሺͳ െ ݌௖ሻ௅೎̱ܿǡሺͻሻ
which leads to[8] 
ɀ ൌ ͳȀܮ௖ǡሺͳͲሻ
when combined with Eq. (7). Hence, it follows that ߛ ן ܭିଵȀଶ  for K large, explaining the observed 
scaling behavior of ߛ . More detailed analysys is made in Ref. [8]. 
Fig. 6 Scaling of ͳ െ ݌௖ against N , where ܭ ൌ ͳ̱Ͷ[7,8]. 
Finally, we remark that the problem of aging transition is different from that of percolation. This is 
clear from the fact that even in infinitely many dimensions, i.e. in globally coupled systems with  ൌ λ,
no aging transition takes place unless the coupling strength is greater than a finite value, as we have 
already seen above. However, in systems with more than one spatial dimension, the presence or absence 
of percolation clusters of active sites may affect some properties of the system's behavior. This remains as 
an interesting problem. 
4. Concluding remarks 
The dynamics of large ensembles of coupled active and inactive oscillators have been briefly reviewed. 
The framework developed in Ref. [4] has been applied to a variety of other systems[5-8,10-12], providing 
many interesting and useful results. Although our study was originally motivated by checking the 
robustness of the behaviors of ordinary ensembles of coupled oscillators against deterioration of 
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constituent oscillators[4], it may be noted that our framework of mixing up qualitatively different 
dynamical units in a system opens a new way of controlling the behavior of large-scale dynamical 
systems. 
Fig. 7 Comparison between Ȗ  and  ݂Ȁܮ௖ , where  f  is  nearly 1.3. The lines show the slope of  -1/2[8]. 
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